Let X be a Calabi-Yau 3-fold containing a nonsingular genus g curve C ⊂ X. We study here the contribution of genus g + h covers of C to the genus g + h Gromov-Witten invariants of X. Degenerate contributions play an important role in the Gromov-Witten theory of Calabi-Yau 3-folds. In algebraic geometry, these contributions are related to Hodge integrals over the moduli space of curves M g,n [FP]. In string theory, recent progress in the calculation of these contributions has been made by a link to Mtheory [GV1], [GV2] (see also [MM]). The mathematical results presented here agree exactly with the M-theoretic results of [GV2].
Introduction
Let X be a Calabi-Yau 3-fold containing a nonsingular genus g curve C ⊂ X. We study here the contribution of genus g + h covers of C to the genus g + h Gromov-Witten invariants of X. Degenerate contributions play an important role in the Gromov-Witten theory of Calabi-Yau 3-folds. In algebraic geometry, these contributions are related to Hodge integrals over the moduli space of curves M g,n [FP] . In string theory, recent progress in the calculation of these contributions has been made by a link to Mtheory [GV1] , [GV2] (see also [MM] ). The mathematical results presented here agree exactly with the M-theoretic results of [GV2] .
Consider the moduli space of maps M g+h (X, d[C] ). If g = 0 or 1, then for a general pair (C, X), this moduli space will have a component equal to M g+h (C, d[C] ). The contribution C g (h, d) of C to the genus g + h Gromov-Witten is thus well-defined for g = 0, 1 and all degrees d > 0. For curves of genus g ≥ 2, multiple covers of C are expected to deform in X away from C. However, in the degree 1 case, M g+h (X, [C] ) has a component equal to M g+h (C, [C] ) for all g and h. Hence, C g (h, 1) is always well-defined.
The contributions in case g = 0 have recently been calculated in algebraic geometry [FP] and string theory [GV1] , [MM] : ∞ h=0 C 0 (h, 1)t 2h = t/2 sin(t/2) 2 , C 0 (h, d) = d 2h−3 C 0 (h, 1), where C ⊂ X is a rigid rational curve. The contribution C 0 (0, d) = 1/d 3 is the Aspinwall-Morrison formula which had been proven previously by several different methods [AM] , [M] , [V] .
A curve C ⊂ X is rigid if H 0 (C, N ) = 0 where N is the normal bundle of C in X. For rational C, rigidity is equivalent to the bundle splitting N = O(−1)⊕O(−1). Define C ⊂ X to be super-rigid if, for all non-constant maps of nonsingular curves µ : C ′ → C, H 0 (C ′ , µ * (N )) = 0. Date: 16 November 1998. It is clear rigidity and super-rigidity are equivalent in the rational case, but differ for higher genus. Super-rigidity is a generic condition on the normal bundle for elliptic curves in X. H. Kley has informed the author his existence result for rigid elliptic curves on complete intersection Calabi-Yau 3-folds also shows the existence of super-rigid elliptic curves [K] .
The contributions C 1 (0, d) are easily computed for super-rigid elliptic curves C. The component of the moduli space M 1 (X, d[C]) corresponding to maps with image C is nonsingular of dimension 0 (and equal to M 1 (C, d[C] ). The points of M 1 (C, d[C]) correspond naturally to the set of subgroups of Z ⊕ Z of index d. Hence, [S] ). All other contributions of an elliptic curve C vanish by the following result.
Theorem 1. Let C ⊂ X be a super-rigid elliptic curve. Then,
This vanishing was conjectured by and is derived in M-theory in [GV2] . The proof given here uses basic constructions related to the virtual fundamental class.
The degree 1 contributions C g (h, 1) take a very simple form.
Theorem 2 is derived in Section 2 by expressing the contributions C g (h, 1) as Hodge integrals over the moduli space of curves. The Hodge integral series then easily implies the formula. These contributions have been computed in [GV2] .
The method of [GV1] , [GV2] is to consider limits of type IIA string theory which may be conjecturally analyzed in M-theory. Remarkably, degenerate contributions arise in M-theory as sums over states yielding values of the ζ-function. It would be interesting to understand the meaning of this limit in Gromov-Witten theory.
A principal result of [FP] is the determination of the basic Hodge integral series:
(1) Theorem 2 gives an interpretation of these Hodge integrals in the Gromov-Witten theory of Calabi-Yau 3-folds.
Let M g be the moduli space of nonsingular genus g ≥ 2 curves. The tautological ring R * (M g ) is the subring of A * (M g ) generated by the κ classes (see [Mu] ). The intersection calculus of R(M g ) has a very rich structure. A detailed study by C. Faber of R(M g ) for low genera has led to very precise conjectures of this ring structure [F1] . In particular, Faber has conjectured R * (M g ) is a Gorenstein ring with socle in degree g − 2. In [GeP] , the (conjectural) intersection pairing of R(M g ) is directly linked to Gromov-Witten theory via (conjectural) Virasoro constraints on the descendent potential of P 2 . The computation here of the degenerate contributions C g (h, 1) leads to a formula in R * (M g ) conjectured previously by Faber from evidence for g ≤ 15.
Theorem 3. For g ≥ 2, the relation
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1. Theorem 1 1.1. Super-rigidity. Let C ⊂ X be a nonsingular elliptic curve in a Calabi-Yau 3-fold. The normal bundle N is of rank 2 with trivial determinant. If C is rigid, a straightforward argument shows N contains a non-trivial degree 0 line sub-bundle L:
Conversely, such a filtration implies the rigidity of C. The curve C is superrigid if and only if L is not a torsion element of the Picard group of C. While super-rigidity is a stronger condition on N than rigidity, it is an open condition. Super-rigidity is required for the equality of moduli spaces proven in Proposition 1. Note super-rigidity implies H 0 (C ′ , µ * (N )) = 0 for every non-constant stable map µ :
are Deligne-Mumford stacks with possibly nonreduced structures.
Proof. There is a natural map:
By the super-rigidity of C, the locus of M 1+h (X, d[C]) corresponding to maps with support in C is a union of connected components of M 1+h (X, d[C]). We will prove ι is an isomorphism onto these connected components.
It suffices to prove a lifting property for families of stable maps over Artinian local rings A. Let ξ ∈ Spec(A) be the geometric point corresponding to the maximal ideal m ⊂ A. Let π : F → Spec(A), µ : F → X be a family of stable maps satisfying
We will prove µ factors through C. This lifting implies the desired isomorphism property of ι.
Let I be the ideal sheaf of C in X. We must prove the natural map
is zero. Certainly φ has image in mO F by the assumption (2) on the geometric fiber ξ. Hence, φ induces a natural map on F:
The restriction of µ * (I/I 2 ) to F ξ is simply µ * ξ (N * ). By the super-rigidity of C, the map (3) is zero. We conclude φ factors through m 2 O F .
The above argument may be used to prove the following implication:
There are two perfect obstruction theories on M 1+h (C, d[C]) obtained from considering the moduli problem of maps to C and X respectively (see [B] , [BF] , [LT] ). Let
be the universal family and universal map respectively. By super-rigidity π * µ * (N ) = 0 and R 1 π * µ * (N ) is a rank 2h bundle. The two obstruction theories differ exactly by the bundle R 1 π * µ * (N ). From the definition of the virtual class, we conclude:
1.2. Vanishing results. Let E be any bundle on C. Consider the complex Rπ * µ * (E) in the derived category of coherent sheaves on M 1+h (C, d[C]). Let L be a π-relatively ample polarization on F. We may find an exact sequence of bundles on F:
for some positive integer k [H] . As both π * K and π * L −k vanish, we find a two term bundle resolution of Rπ * µ * (E):
This definition is independent of two term resolutions in the derived category.
As π * µ * (N ) = 0 and R 1 π * µ * (N ) is a rank 2h bundle, we see (4) may now be rewritten as:
It is easy to find flat families of bundles on C connecting N and the the trivial rank 2 bundle I = O C ⊕ O C . For example, if P is a sufficiently ample line bundle, both N ⊗ P and I ⊗ P will have nowhere vanishing sections:
Hence N and I are connected in the family of extensions of P by P −1 . The integral
is clearly constant as E varies in this family (for example, the two term resolutions of Rπ * µ * (E) may be chosen compatibly over the family). We conclude,
Now assume h > 0. Let γ : M 1+h (C, d[C]) → M 1+h be the natural map to the moduli space of curves. Let E denote the Hodge bundle on M 1+h : the fiber of E over the moduli point [F ] ∈ M 1+h is H 0 (F, ω F ) (see [Mu] ). Since
is a cohomology class pulled-back via γ from M 1+h . Hence, to complete the proof of Theorem 1, it suffices to show the following vanishing.
Proof. Fix a base point p ∈ C for the course of the proof. We will consider the moduli space of 1-pointed maps M 1+h,1 (C, d[C]). Let
) denote the subspace of maps for which the marking has image p. There is a canonical isomorphism obtained by the group law on C:
The perfect obstruction theory on M 1+h,1 (C, d[C]) may be obtained from a canonical distinguished triangle involving the cotangent complex of the Artin stack of prestable curves and the perfect obstruction theory relative to this Artin stack (see [B] , [BF] , [GrP] ). These objects are naturally equivariant with respect to the natural group law on C (see the constructions of [B] , [BF] ). Hence, the virtual class of M 1+h,1 (C, d[C] ) is a pull-back of an algebraic cycle class on M 1+h,p (C, d[C] ). As the map
Consider now the commutative diagram obtained from the 1-pointed moduli spaces:
While (6) is not a fiber square, it is easy to see the following equality holds γ 1 * π * = π * γ * .
From the Axiom of contracting a point [BM] , we see
Then, equations (5) and (7) imply:
For any class ξ ∈ A * (M 1+h ),
where ψ 1 is the Chern class of the cotangent line on M 1+h,1 . Hence, the pull-back π * : A * (M 1+h ) → A * (M 1+h,1 ) is injective. The Proposition now follows from (8).
Theorem 2
2.1. Rigidity. Let C ⊂ X be a rigid, nonsingular genus g curve with normal bundle N . The contribution C g (0, 1) is certainly 1, so we may assume h is a positive integer. The proof of Proposition 1 also establishes the following facts. First, the moduli space M g+h (C, [C]) is a component (easily seen to be connected) of M g+h (X, [C] ). Second, the contribution C g (h, 1) is determined by:
Here, R g,h denotes the rank 2h bundle R 1 π * µ * (N ). Note the virtual dimension of M g+h (C, [C] ) is also 2h. The arguments of Section 1 are valid because a rigid curve is super-rigid in degree 1. (C, [C] ). Let C be a nonsingular genus g curve. Let h be a positive integer. We first analyze the moduli space of degree 1 maps M g+h (C, [C]). Let P (h) denote the set of partitions h. There is a natural set-theoretic function: 
Irreducible components of M g+h
There is a natural family, π : F → I τ , of prestable curves over I τ obtained by attaching a 1-pointed genus h i curve to the i th marking of the universal l-pointed curve over C [l] . Moreover, there is canonical projection µ : F → C. The induced morphism:
is finite and surjective onto the irreducible component M τ corresponding to the partition τ . Let ∂M h i ,1 denote the boundary of the moduli space: the locus of curves with at least one node. Similarly, let ∂C[l] ⊂ C[l] denote the locus of nodal curves (∂C[l] may also be viewed as the locus lying over the diagonals of the product C l ). Let ∂I τ denote the union of the pull-backs of the boundaries of the factors (10) via the l + 1 projections. Let
denote the natural map. The main geometric result used in the proof of Theorem 2 is the following vanishing.
Proposition 3. For all partitions τ of h, c 2h (∂γ * τ (R g,h )) = 0. Proof. By definition, ∂I τ is union of the pull-backs of the boundary divisors of the l + 1 product factors of (10). We show c 2h (∂γ * τ (R g,h )) restricts to 0 on each of these pull-backs.
Let pr j denote the projection of I τ onto the (j + 1) st factor of (10) for 0 ≤ j ≤ l. There are l natural evaluation maps ev i : C[l] → C obtained from the l markings. Define ev i : I τ → C by the composition
The bundle γ * τ (R g,h ) is easily analysed via the natural normalization sequence of the family F. We find a decomposition:
where E i is the Hodge bundle on M h i ,1 . We denote the pull-back of these Hodge bundles to I τ by the same symbols. An important relation among the Chern classes of the Hodge bundle has been established by Mumford in [Mu] . Mumford's relation is: c(E i ) · c(E * i ) = 1 in A * (M h i ,1 ). From (11), we deduce:
Algebra and Mumford's relation then yield:
Here, λ k denotes the k th Chern class of the Hodge bundle.
First, consider a boundary divisor ∆ ⊂ M h j ,1 . The pull-back of ∆ to I τ is simply:
The restriction of the factor λ h j λ h j −1 of (12) to ∆ has been proven by Faber to vanish [F1] (the reducible divisors of M h 1 ,1 have non-trivial genus splittings). Hence, the restriction of c 2h (γ * τ (R g,h )) to pr −1 j (∆) vanishes. Second, consider a boundary divisor ∆ of C[l]. The divisor ∆ corresponds to a locus in which a subset S ⊂ [l] (of at least 2 elements) of the marked points coincide over C. The evaluation maps {ev i } i∈S coincide when restricted to pr −1 0 (∆). Therefore, since c 1 (N * ) 2 = 0, the restriction of c 2h (γ * τ (R g,h )) to pr −1 j (∆) vanishes. [C] ) and corresponds to the moduli space of degree 1 maps which consist of nonsingular curves of genus h i attached to distinct point of C.
A deformation theory argument shows M τ is a nonsingular moduli stack of dimension l i=1 (3h i − 1). More precisely, for [µ : F → C] ∈ M τ , there is a canonical exact sequence:
where Aut [F ] is the infinitesimal automorphisms of F and Def [F ] , Def [µ] are the infinitesimal deformation spaces of F , µ respectively. It is easy to prove the cokernel of ι is equal to a vector space V with fitration
Here, the component F i ⊂ F of genus h i is attached to C at the points p i ∈ F i and p ′ i ∈ C. The cokernel computation amounts to showing the map µ has no infinitesimal deformations which smooth any of the l nodes of F . We then see Def [µ] is of constant dimension l i=1 (3h i − 1). Moreover, the obstruction space is a bundle over M τ with fiber
over [µ] . The essential point here is the deformation theory of maps in M τ is very simple.
Let Aut τ denote the stabilizer of the permutation S l -action on the l-tuple τ . The map γ τ : I τ → M τ is Aut τ -invariant. Moreover, the quotient map induces a proper, bijective morphism
Let to I 0 τ is identified from the obstruction theory (13) to be:
Since M τ is nonsingular, the restriction of the virtual class is the Euler class of the obstruction bundle.
The virtual class ξ vir may be (non-canonically) expressed at a sum:
Using the proper bijection (14), we see:
By the vanishing of Proposition 3, equation (16) remains valid if ξ vir τ is replaced with any cycle class which restricts to ξ vir τ on M τ . This observation together with (15) yields the equality:
.
Applying equation (12) together with basic algebraic manipulations then yields the main integral formula:
Theorems 2 and 3 will directly follow from this formula.
For q ≥ 1, define α q = M q,1 λ q λ q−1 ( q−1 j=0 (−1) j λ j ψ q−1−j 1 ). Define the generating series:
An immediate consequence of formula (18) is the equation: h≥0 C g (h, 1)t 2h = exp((2 − 2g)Q(t)) = exp(2Q(t)) 1−g = ( h≥0 C 0 (h, 1)t 2h ) 1−g = t/2 sin(t/2) 2−2g . The last equality follows from the previous computations of C 0 (h, 1) in [FP] . The proof of Theorem 2 is complete.
Theorem 3
Let π : M q,1 → M q be the universal curve (for q ≥ 2). The class ψ 1 is the Chern class of the cotangent line bundle on M q,1 . The kappa classes are defined by κ j = π * (ψ j+1 1 ). Define β q−2 = π * ( q−1 j=0 (−1) j λ j ψ q−1−j 1 ) = q−2 j=0 (−1) j λ j κ q−2−j .
In the notation of Section 2.3, we see:
The results of Section 2.3 applied in case g = 0 prove: exp(2Q(t)) = t/2 sin(t/2) 2 .
After taking the logarithm, we find: Q(t) = log t/2 sin(t/2) .
The right series in (19) may be expanded as log t/2 sin(t/2) = q≥1 |B 2q | (2q)(2q)! t 2q
by Lemma 3 of [FP] . Faber has computed M q λ q λ q−1 ∩ κ q−2 = 1 2 2q−1 (2q − 1)!! |B 2q | 2q from Witten's conjectures/ Kontsevich's theorem [F2] . It is known R q−2 (M q ) is exactly 1 dimensional ( [F2] , [L] ). Since λ q λ q−1 vanishes when restricted to ∂M q , we find
Theorem 3 now follows from the computation:
M q λ q λ q−1 ∩ β q−2 M q λ q λ q−1 ∩ κ q−2 = 2 q−1 q! .
